On the shape of the ground state eigenvalue density of a random 

Hill's equation 

Santiago Cambronero * Jose Ramirez * Brian Rider t 

November 11, 2004 

Abstract 

Consider the Hill's operator Q = —d 2 /dx 2 + q(x) in which q(x), < x < 1, is a White Noise. De- 
note by f(fJ,) the probability density function of — Xo{q), the negative of the ground state eigenvalue, 
at fx. We prove the detailed asymptotics: 



f(p) = ^- /" exp 

3-7T 



8 3/2 1 1/2 

"3" "S" 



(l + o(l)) 



as /i^ + oo. This result is based on a precise Laplace analysis of a functional integral representation 
for f(fi) established by S. Cambronero and H.P. McKean in [5]. 

1 Introduction 

We consider fluctuations of the ground state eigenvalue of a random Hill's operator Q — —d 2 /dx 2 + q(x) 
in which the periodicity is fixed at one and the potential q(x) is a White Noise. Formally, q(x) = b'(x) 
for a standard Brownian Motion b(x), and the eigenvalue problem Qip = Aip must be interpreted in the 
sense of ltd. In those terms it reads dip' (x) = db(x) — Xip(x)dx, and there is no problem solving for ip 
in the space 

Let Xo{q) denote the ground state eigenvalue of Q. Our jumping off point is an explicit formula 
for the law of this object due to the authors of [5]. Choosing the sign for later convenience we further 
denote by /(/x) the probability density function of — Xo(l) a t the point fi. Then, the result of [5] is 

/(A*) = -^=^exp{-i^ (fx-p 2 (x)) 2 dx}A{p)dP (1.1) 

where ^ 

A(p)= [ e 2 ^Pi x ') dx 'dx x f e- 2 ^ p ^ x "> dx 'dx, (1.2) 
Jo Jo 

and Pq is a probability measure on H , the space of continuous functions of period one and mean zero. 
More specifically, Pq is the Circular Brownian Motion (CBM) p(x), < x < 1, conditioned so that 
J p(x)dx = 0. CBM, we recall, is the measure on periodic paths formed from the standard Brownian 
Motion starting from p(0) — c, conditioned to return to c at x = 1, with this common starting/ending 
point distributed over the line according to Lebesgue measure. In other words, for any event A of the 
path, CBM(A) = ^= j^L BM 00 (A + c)dc in which BM 00 denotes the mean of the Brownian Bridge 
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of length one. While CBM itself has infinite total mass, Pq is the distribution of an honest rotation 
invariant Gaussian process: a short computation will show that 



En 



F(p)] = BM Q o \f( P - f p) 



for any bounded measurable test function F — F{p{x) : < x < 1). 

The functional integral representation of the density /(/x) given by (1.1) is based on a correspondence 
between Hill's equation and Ricatti's equation. To explain, first fix a A to the left of Xo(q). Then it 
is well known (see [18]) that Hill's equation possesses a positive solution %p with multiplier m > 0: 
—tf)" + qtp = Xtp and ip(x + 1) = rmp(x). Further, the logarithmic derivative p = ip' /ip is a periodic 
solution of Ricatti's equation q = A + p' + p 2 with Jg p > 0. Now view this Ricatti correspondence 
as a map between measure spaces. Under this map the restriction of the White Noise measure to 
{A < A (<z)} is identified with the restriction of the CBM to {J^ p > 0} up to a suitable Jacobian 
factor. The computation of that Jacobian is the chief accomplishment of [5], resulting in, among other 
things, the formula (1.1). 

Given (1.1), our purpose here is to describe the shape of the density. That is, we investigate the 
detailed asymptotics of /(/x) as zx— ► ± oo. The left tail has in fact already been discussed in [5]: they 
remark that 

m = \/^- cxp h^ 2 - 7i (_Al)1/2 ] (1 + o(1)) for ^ ~ 

This is easy to understand. The exponent is expanded out as in JqQ^I+P 2 ) 2 = M 2 — 2|/z| J 1 p 2 — Jq p 4 . 

Next, A(p) and exp{ — (1/2) J 1 p 4 } are shown to be negligible when compared to the coercive Gaussian 

weight exp{— |/z| Jq p 2 }- The derivation is completed by computing _E [exp{— |/z| Jq p 2 }] exactly. 
The analysis of right tail is far more involved. Our result is the following. 

Theorem 1.1 The probability density of— Xo(q) has the shape 
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/( M ) = -^ M exp -V/2 1 1/2 (1 + 0(1)) for M ^ + 0O . (1.3) 



3^ T 



While the limit fi— > — oo concentrates the path at the unique and trivial trajectory p = 0, taking 
[i— > + oo leads to a completely different picture. In this regime it is most advantageous for p to live 
near ±^/jEt. However, because of the restriction to L p = 0, the path is forced to divide its favors more 
or less evenly between the two choices of sign. Furthermore, due to the rotation invariance of CBM, 
any translation of an extremal path is also extremal. Thus, for /z— > + oo, we are dealing with Laplace 
asymptotics of a degenerate function space integral. Even so, we are able to obtain beyond leading 
order information. 

There is of course no shortage of investigations into the precise large deviations of Wiener-type 
or other functional integrals, including cases in with the underlying functional possesses degeneracies. 
Important examples are [6], [3], [2], [14] and [15]. Nevertheless, the present problem has various features 
which set it apart and require the analysis to be done "by hand". First, the large parameter enters /(/z) 
in a fundamentally different way than is assumed throughout the cited list. More importantly, those 
dealing with degenerate problems assume nondcgcncracy in directions orthogonal to the extremal set. 
Our integral does not posses this property; there exists a more subtle degeneracy besides that stemming 
from the translation invariance. 

Random Schrodingcr operators of the type Q arise in models of disordered solids as is explained in 
the comprehensive book [17]. The White Noise potential offers a simplifying caricature. Its use goes 
back to [7], but see also [9] and [8] which discuss the integrated density of states. A description of 
the ground state energy is of separate importance. In the present White Noise setting with dimension 
equal to one, [20] proves a limit law for —X (q) as the periodicity is taken to infinity. Also in the 
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thermodynamic regime, the study of the almost sure behavior of the ground state in any dimension 
subject to a potential of Poisson or Gibbs type is well developed: see [24] and [19] and references therein. 
Still, the understanding of the actual distribution in a finite volume with any kind of potential remains 
in its infancy, and the result described above prompts further inquiry. In particular, it is reasonable to 
ask to what extent the shape of /(//) is universal for some class of rough potentials. The Gaussian/sub- 
Gaussian tails to the left /right seen here have an intuitive explanation: level repulsion holding down 
the left tail, with the ground state free to take advantage of deep wells created by the White Noise to 
the right. 

The rest of the paper takes the following course. In Section 2 we study the associated rate function 
and discuss a leading order result of the form /i~ 3 / 2 log/(/i) ~ —8/3 for fi j oo. Asymptotics at this 
level are accounted for by a vicinity of a one parameter family of paths (the degeneracy). Section 3 
outlines how to expand about the set of extrema. Namely the degeneracy is dealt with by a con- 
ditioning procedure, leaving an integral with respect to a certain Gaussian measure as the principle 
lower order term. Using a connection to a particular (deterministic) Hill operator, required properties 
of this Gaussian measure are collected in Section 4. The calculation is picked up again in Section 5 
which contains the main error estimate: here we dispose of the terms beyond the Gaussian correction. 
Afterward, in Section 6, the Gaussian correction is computed exactly. In essence this completes our 
calculation. Section 7 gathers the results through that point and states Theorem 7.1 which, in some 
sense, is a more accurate statement of the main result. It is then explained how asymptotics of the 
various quantities appearing in Theorem 7.1 translate that result into the above Theorem 1.1. Finally, 
Section 8 serves as an appendix containing various technicalities needed along the way. 



2 Leading order asymptotics 
2.1 The rate function 

At an exponential scale, the asymptotics of integrals of the type (1.1) are well understood to be asso- 
ciated with a characteristic variational problem. In the case of f(fi), that problem is to minimize 

I,(P) = \£ (/« - P 2 (*)) "dx + \ j\p\x)fdx (2.1) 
over periodic functions of mean zero. Scaling as in p(-)—*-^=f{-/\/U) we find that 

inf p£ „/» = [i 3 / 2 M feHa {± £ (1 - f{x)fdx + \ £ {f(x)fdx) (2.2) 
= M 3/2 mf/ e H /(/;a) 

in which a = y/Ji/2 and now H a is the class of periodic C 1 functions satisfying f " a / = 0. This already 
suggests the 3/2-power in the exponent of (1.3). As to its 8/3-multiplier and further properties of the 
rate function I we have the following. 

Theorem 2.1 The infimum I*{a) = mff eHa I(f;a) is attained. Further, I* (a) < 8/3 for all a > 
and I* (a)— >8/3 as a^>oo. 

Proof As the level sets {/(•; a) < K} are weakly compact in H 1 and strongly so in L°° , the existence 
of a minimizer poses no problem. For the upper bound on I* (a) , consider the test function 

! — tanh(a; + a) for —a<x<—a/2, 
tanh(s) for -a/2 < x < a/2, (2.3) 

— tanh(x — a) for a/2<x<a. 
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Then, 



I*(a)<I(f a ;a) = f (1 - f a (x)) 2 dx + f (.f^)) 2 

J-a/2 J-a/2 

/OO /-CO 
(1 -tanh 2 (x)) 2 dx + / (tanh'(a;)) 2 dx 
-oo J —oo 

/oo 
sech 4 (a;)dx = 8/3. 
-oo 

As for the convergence I* (a)— >8/3, computing a first variation of I(-;a) shows that any minimizcr 
satisfies /" = 2/ 3 — 2/ 2 — a where a is the Lagrange multiplier corresponding to the condition J" a / = 0. 
Multiplying by /' and integrating, this may be brought into the form 

\ur = \f 4 -f-«f+\p (2.4) 

with a new constant (3. We will show in the appendix that, as a~ >oo, and (3— >1. 

Now choose a minimizer /* for each a ^> 1. Since every /* must have at least two roots on account 
of being mean zero, by rotation invariance we can assume that /„(0) = for all {/„}. Next, for any 
large fixed M > less than a/2 we certainly have that 

M -i rM 



n°) = - 2 \ m/dxf + - j {i - a:?) 2 >- 2 \ m (c/^) 2 + M a - (/: 



It follows that the sequence {/^} is bounded in H 1 n M, M] and so has a subsequence converging 
weakly in H 1 and strongly in L . By writing the relation (2.4) in the form 



/' = V.f 4 - 2/ 2 - 2a f + (3, (2.5) 

using its weak formulation and the regularity theory that comes with it, we find that the above conver- 
gence is sufficient to conclude that any limit satisfies /4> = 1 — /£, over [— M, M] and /oo(0) = 0. That 
is, /oo = tanh. 

Since the centered {/„} converge to on an interval [-M, M] for any choice of M > 0, it follows 
that the distance between any two zeros of /* must be tending to infinity as a^oo. Therefore, we 
may also isolate a symmetric interval of length 2M about a second zero of /* . On this second interval 
we will have the same type of convergence (by precisely the same arguments). Then, by adding both 
contributions we also conclude that 

M f-M 

*\2\2 



{dr a /dxf+ / (i-(/:n 

-M J-M 

for all a large enough. This results in 

/M 
sech 4 (x)dx t 8/3 
-M 



-M 

upon letting M|oo afterward. The proof is finished. 



2.2 Large Deviations 

While the previous result serves as a guide, the next step is to extract the exp [— 8/3/x 3 / 2 ] behavior from 
the integral /(/i). 
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Theorem 2.2 We have the leading order asymptotics: 

limsup/j" 3/2 log / e-^o^-P 2 ) 2 A(p) dP < -8/3. 

More important in the sequel, we show that one has sharper decay of the same order when the 
integral is restricted to a set away from any 1^ minimizer. Define 

C£ = [p € H : d{p, M) < eVT 1 } (2-6) 

in which M is the set of minimizers of / M and d(p, A) is the distance between a path p and a set A in 
sup-norm. Then we have: 

Theorem 2.3 There exists a rj > depending on e and a constant C so that 

f e -i ti(p-p 2 ) 2 A{p) dP < Ce-^ 3 +^ 3/2 

for all jJL large enough. 



Proof of Theorem 2.2 Matters are simplified by noticing that it is enough to prove that 

limsu PA1 - 3/2 log f e-i ti^- p2 ¥dP < ~. 

This is because A{p) < exp[2^/ Jq p 2 ] < cxp[l + p 2 ] which implies the upper bound 

; -5/o>-P 2 ) 2 ^(p)dP < e ^+3/2 f g-J/o^M+l-P^Vo, 



(2.7) 



H 



the prefactor e M+3 / 2 being irrelevant in the present scale. 

The proof of (2.7) is split into several steps. First we define the set of paths 



H»( 1 , V ) = \peH 



3/2 



(2.8) 



for any positive 77 and 7. As we shall see, restricted to such a set, the Pq integral of cxp [—(1/2) Jq(p~ p 2 ) 2 } 
is easy to control through the variational problem studied Section 2.1. For this reason we make the 
decomposition 



/ e -*'oW)\iP < V / e-UWrdPo + expf-V 2 



0<fc<8/3?7 

after which we may invoke the bound 

„2\2 



f e -s fo(»-P 2 YdP < exp [(-7 + rj) /j 3 / 2 j P (#"(7, 77) 



(2.9) 



(2.10) 



in each integral on the right hand side of (2.9). This follows directly from the definition of if* (7, 77). 

The upshot is that we must now control the probabilities Pq{H^(^, rj)). Toward this end we overes- 
timate further as in 



'o(>(7,7?)) < Po(l£ (M-P 2 ) 2 <(7 + r/)M 3/2 ) 
, i*(i]Vl^<(7 + ^) 



(2.11) 
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where we have introduced the scaled measure iff(p € A) = P (-±=p G A). Under this scaling, the 
previous display reads Po(H^(j, rj) ) < Pq(D^(j, rj) ), and 

D» = r>"( 7) rj) = |p G H : \ J\l - p 2 ) 2 < (7 + rj) J (2.12) 

marks yet another definition. 

The next step, estimating the Pjj probability of £> M , is accomplished by discretizing the path. This 
is a common procedure, see for example the proof of Schilder's Theorem in [25]. Let p n be the polygonal 
path determined by the values p(k/n) at k/n for k = 0, . . . , n and introduce p n = p n — J p n to force 
things to reside in H. Now, for whatever set D C H we have that, if p G D, then the polygonal p n is 
either very close to p or far away from D. In symbols 

iff (£>) < Pg(\\p - p n \\co >S)+ Pjj (p n G D S ) (2.13) 

in which ||p||oo = su Po<x<i \p( x )\ f° r an Y path p £ H and is the (^-enlargement of D in that norm. 
That is, q G As when inf p6 £) ||g — p||oo < <5- We next tackle each term of the right of (2.13). 
For the deviation between p and its approximate p n we first note 

P^\p-Pn\\oo >5)< iff (b-Pnlloo > |)> 

because Hp-PnH^ < Hp-PnlL + | (P~Pn) I < 2 Hp-PnlL • Then, 

iff (||P -Pnlloo > V2) < iff (U^{ fc< sup +i |p(x) -p(fc/n)| > 5/4}) (2.14) 

< n/ff( sup |p(x)-p(0)|>J/4), 

v 0<a;<l/n 7 

having used the rotation invariance of CBM in line two. Next we recall the definition of the measure 
Pq and write 

iffflb-pJoc ><V 2 ) < «SAfoo( sup |p(z)| > (2.15) 

V 7 V 0<ir<l/ri 7 

< 2nBM ( sup |p(a;)| > ^/4) < 32(V^/<5V^)e _ " M,52/32 . 

^0<x<l/n 7 

The first and third inequalities require no explanation. For the middle inequality, note that if A is an 
event measurable over jp(x),0 <x< 3/4}, then BM oa (A) = 2 J BAf [e~ p2(3/4)/2 , A] < 2P (A). 

For the second term in (2.13), bring in T(w) = | \w'\ 2 the usual Brownian rate function (jL{w) = 
oo when the integrand is not defined) and 1(D) = vai w ^£,I(w). Again, we first move to the Bridge 
measure: 

iff (&€£>) < Jff(j(p„)>J(£>)) 

n-l 

= BM oQ Yl ^ k + W") -Kfc/^)| 2 > /^P))- 

The latter probability may be written out explicitly, and we continue to overestimate: with S n (x) = 
(n/2)(x 2 + T^fak+i Xkf + 

n-l 

SMoo(^|p(fc + l/n)-p(fc/n)| 2 > /iT(D)) (2.16) 

fe=0 
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7r/n)(«-D/2 Js 



(2 



exp 



1 



S n {x)>^T(D) 

(2V«) ( "- 1)/2 

-(l-r,) M Z(D) 



dxi • • • dx n -i 



exp 



-■qS n {x) 



dx\ ■ ■ ■ dx n -i 



Returning now to the event of interest (2.12), we combine the two bounds (2.15) and (2.16) to find that 



< 32—— exp 
o V/ 7 



n M <5 2 /32] + (^) 1 -"exp[-(l- ,7)^(^(7,7?))]. (2.17) 



The first term on the right can be made small by choosing n appropriately. It remains to estimate 
I(D$) from below. The results of the Section 2.1 imply that, in the present scaling, 



(2.18) 



for any g in Dg and e = e(/z) > going to zero as n f oo. This converts the problem into one of 
bounding J^(l — g 2 ) 2 above. 

Let / £ C . Directly from the definition of D 1 * we see that 



r 



1/2 



l-2 M - 1 /2 (7 + ?7) < 0j 



and the inequalities 



1 - ^2(7 + 7,)/^ < 11/11^4 < 1 + ^2(7 + 7,)/^ 



(2.19) 



follow immediately. Next, if g is to satisfy ||/ — gW^ < 5, then \,f + g\ < 4 1/| + 4<5 \ f\ + S 2 and so 



Jo 



\.f + g\ 2 <(5 + 2\\f\\ Li y 



by Holder's inequality. This last bound, together with (2.19), implies that 

2 



£ 1/ + 5I 2 < ^ + 2^1 + ^2 (7 + 7?^^) < 



25 



for /i > 1 and 77, <5, 7 < 1, and so also 



f\i-9 2 ) 2 - [\i-ft* < 5 / 1 |/ + .g|(|i-/ 2 | + |i-.g 2 |) 
Jo Jo Jo 



5(5 



after using Schwarz's inequality. Therefore, ||(1 — 5 2 )||2 < ||(1 — / 2 



5(5 which, after squaring both 



sides and applying Cauchy's inequality, further implies that 

f(l-g 2 f < (l + r?) / 1 (l-/ 2 ) 2 + 25(l + ?7 - 1 )(5 
Jo Jo 



< 2 (1 + 77) (7 + 77) — + 25 (1 + 77- 1 ) ^ 2 



7 



for all g € Dg. Put together with (2.18), we have produced 



:(^(7, »7)) > (I - e (7 + V) (1 + »?)) VM - y (l + O <$V (2.20) 



as the desired lower bound. 

The final step revisits (2.17) which, with the help of (2.20), says 



^(>M < 32^| exp 



+ 



y/n 



32 



(2.21) 



exp 



exp 



-^ 3/2 (l-^) ( | -£-(7 + »?)(!+»?) 



A careful choice of parameters will now make all terms on the right negligible compared to the one of 
the form cxp[— ji z / 2 etc.]. For example, 5 — (i~ a and n <~ /i' 3 with j < a < 5 and | < /3 < | — 2a (let 
say a = 5/16 and /3 = 5/4) will do the job. It follows that 

limsup M - 3 / 2 log iff (D" ( 7 , r?)) < -(1 - r?) Q - (7 + rj) (1 + ??)) , 

and so, going back to the original quantity (see (2.10) through (2.12)), 

limsup n~ 3/2 log / e-^°^- p2 ) 2 dP < -(1 - rj) ( f - (7 + »?) (1 + J?) J + (-7 + ??) 

g 

< -(1-^)3 +7^ 2 + ??(2 + ?? 2 ) 
for any positive 7 < 1. At last, from the decomposition (2.9), we deduce that 

limsup M - 3 / 2 log f e^lo(^- p2 TdP < -(l-rj^ + ^-r] 2 + f](2 + r] 2 ) 
and letting 77 J. completes the proof. 

Proof of Theorem 2.3 We begin by following the blueprint of the proof just completed. First, as in 
(2.9), the integral over H\C£ is first overestimated by a sum of integrals according to the inclusion 

{U ^ (8/3+J))/f (^(^C)n ( ^r)} U [ P :\j\»-ff > (8/3 + ,) M 3/ 2 } 

with any ( > 0. The integral of exp[— (1/2) /^(/i — P 2 ) 2 ] ovcr the last set on the right hand side 
trivially satisfies the desired bound. Next, as in (2.11) and (2.10), bounding the other integrals in this 
decomposition comes down to bounding the P probabilities of the events {if M (£fc, C)n(C^) c }. Following 
the proof of Theorem 2.2 further we come to the critical point. By comparison with (2.18) and the 
surrounding discussion we see that we now need an improved version of that variational inequality. In 
particular, we require a lower bound of the form 



where f\ = 77(e) > depends on e but is fixed for all g restricted to lie in (C^) c , appropriately scaled 
and (5-enlarged. With the appropriate scaling, it is equivalent to show that 



liminf (inf {/(/; a), / € H a n d(f, {f* a }) > e}) > 8/3 



(2.22) 
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where /(/; a) and H a are as denned in (2.2) and {/*} represents the set of minimizers of /(/; a). 

We argue by contradiction. If (2.22) failed to hold, we could find a sequence {f a } satisfying the 
constraints, but so that I(f a ; a)—*8/3. By virtue of the fact that f" f a = 0, each f a has at least two 
zeros, z\ < z 2 . Further, \z\ — z 2 a \-^co and (2a— \ z\ — z^|)^oo. If instead all the zeros were contained in 
a fixed interval / (which may be assumed to be centered about the origin), it would follow that | J JC f a \ 
must exceed a positive multiple of a. Indeed, [1 — {.fa) 2 ] 2 remains bounded and the length of I c is 
itself 0(a). But then | J 7 f a \ > const, x a to maintain the mean zero condition causing \ f a \ > const, x a 
on some subset of / of positive measure. This in turn would imply that J/[l — (fa) 2 ] 2 grows without 
bound as a^oo, and that is impossible. 

At this point we return to the strategy behind the proof of Theorem 2.1. First we fix large symmetric 
intervals of length 2M around each of the two zeros z\ and z 2 specified thus far. When considering these 
intervals separately we will identify z\ or z 2 with the origin as may be done by translation. By the core 
argument behind the proof of Theorem 2.1, on each of these intervals we can find subsequences {/„} and 
{fa} converging to and respectively. Again, both and lie in H 1 n L°°. Also, since both 
converge weakly in H 1 , by lower semi-continuity of the functional /, it follows that I(f^ Cll oo) > 4/3, and 
both also satisfy the equation f' x = ±(1 — on their respective domains. That is, f^(x) = ±tanh(x) 
for k = 1,2. 

Next we show that z\ and z 2 are in fact the only zeros of f a for a^oo, and that z 2 — z\ is roughly 

X T (\z\-zl\-a\ =0. (2.23) 

For the first part, simply note that if there were a third zero we may repeat the argument of the 
preceding paragraph to conclude that the rate function / would exceed 4/3 + 4/3 + 4/3 as a— >co, but 
that contradictions the assumption I(f a , a)— >8/3. For the statement regarding the distance between z\ 
and z\, note first that the integrals of {f a } over [(z\ + z^)/2, (z\ + z%)/2 — a] or over its complement in 
[—a, a) must have the same absolute value but opposite signs. Translating to place zf at the origin we 
find that 

t 



/ f a (x)dx+ / f a (x)dx 
Jt J-u 



where u — (z^ — zD/2 and £ = (z\ — z\)/2 — a. We can now assume that = tanh so that = — tanh. 
Then, since there is uniform convergence to these limiting functions, both integrals in the last display 
are approximately u + I. It follows that u + £^>0 as a — > oo which is the same as (2.23). 

The conclusion is that ||/ a — / a ||oo^0 where f a is the test function constructed in (2.3). Since f a 
minimizes I(f;a) as a^oo we have shown that d(f a , {/„})->(), contradicting the original hypothesis. 
The proof is complete. 



3 Expanding about the extrema 

Following the classical Laplace method we wish to expand f(/i) in the vicinity of each J^-minimizer. 
While we have not actually computed any such minimizcr at finite /i (nor have we proved the anticipated 
uniqueness up to translation), it suffices to introduce the following proxy. The Euler-Lagrange equation 
(2.4), describing the scaled minimizer(s), may be solved in terms of Jacobi elliptic functions. Thus 
motivated, we bring in 

p^(x) = ky/Jl x sn( A /7Ia;, k) (3.1) 

along with its translates p a ^(-) = p^(- + a). As a function of the real variable x, sn(x, k) is periodic with 
period determined by its modulus k e [0, 1]. In particular, sn(-, k) = sn(- + 4K, k) in which K is the 
complete elliptic integral of the first kind: K(k) = J Q [(1 — x 2 )(l — k 2 x 2 )]~ 1 / 2 dx. (For background on 
sin-amp and other elliptic functions used throughout, [4] is recommended.) 
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In Pju, we must choose k so that AK = ^/Jl, and it may be deduced that k 2 ~ 1 — 16e v^ 1 / 2 . With 
this parameter set, an exact computation will yield 



(3.2) 



While this is certainly heart- warming, a more important connection with the discussion in Section 2.1 
is seen in the fact that sn(x, k) ~ tanh(x) for fc|l. So, with p* any J M -minimizer with p* (0) = 0, the 
proofs of Theorem 2.1 and 2.3 will explain why 



lim 



4v 



= o. 



In other words, an appropriate L°° tube about the set of translates {p^} contains a like tube about the 
set of /^-minimizers. Theorem 2.3 then implies the following. 



Corollary 3.1 Let e > 0. Then 
1 



2tt 



Ed 



UoW) 2 ^), d(p,{p»}) <e^] +0(e- (8/3+ ^ 3/2 ), (3.3) 



w«i/i some 77 = 77(e) > 0. 



This last observation turns the problem of expanding /(/u) about each /^-minimizer into that of 
expanding the expectation in (3.3) about each < a < 1. While a definite advancement, we 
must still confront the degeneracy inherent in the translation invariance of 1^. We handle this issue 
a conditioning procedure in order to pin the Eq expectation about a single which for convenience 
is taken to be p^ = p^. The idea is that since the translations >P° +e are generated by p'^ = 
const, x cn(y/JIx, k)dn(^/JIx, k), conditioning the path to be orthogonal to p'^ will keep the path in a 
small neighborhood of ztp^ as opposed to translates further afield. Relating the Eq expectation to this 
conditioned version of itself requires a change of measure formula provided in the following lemma; the 
proof is deferred to the appendix. 

Lemma 3.1 Suppose X(-) is a smooth stationary process, periodic, of period one. Also assume that, 
with probability one, X has at least one zero. If F is a functional that is invariant under translations 
of the path, then 



E 



F(x)] =e[f(x)-j^\x(o) = o]p{x{o) = o) 



where 



jv = jv(x) = J2\K\- 1 



and Z is the set of zeros of X. Here and throughout, the notation P(X = a) indicates the density of X 
at a. 

Applying Lemma 3.1 to the matter at hand, we set 1 

cn(yfflx, k)dn(y/]Jx, k) 



ft{x) 



\J Jq 1 cn(y//Zx', k)dn(^/JIx', k)dx' 



and note the following. 



lr Thc choice of notation will become clear in the next section. 
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Corollary 3.2 Let 



R(p) = AT 1 (^x-> <ft(x + x')p(x')dx' 



(3.4) 



then 



e -\ 5^-p 2 ) 2 A(p),d(p,{p a A) < e^JI 



= E° 



e -iIo^-P 2 ) 2 A(p)R(p),d(p,{p;}) < e^JJ 



Kp = o). 



Here £q is now the CBM conditioned so that both J Q p = and <p%p = 0. 

Next, consider the intersection of {p : d(p, {p a ^}) < £^/JH} and {p : J Q 4>^p — 0}. It is easy to see that 
the resulting set will contain the union of {| \p — p° | |oo < eiy/JJ} and the same object with p^ replaced 

by P X J 2 = — Pu f° r some £i small enough. Likewise, it will be contained in a similar union with e\ 
replaced by some larger e 2 > 0. Of course, the integral in question is invariant under the sign change 
p^> — p. These comments along with Corollaries 3.2 and 3.1 allow the following statement: 



e-i^^-p 2 ) 2 A (p)R(p),\\p-p tl \\ 00 <e^Jl 



Po 



ftp-- 



(3.5) 



up to 0( e -( 8 / 3 +^ ) errors granted that we eventually prove that the desired level of asymptotics for 
the Eq integral in (3.5) are independent of e > 0. 

Having centered the integral about the single path p^, we complete this section by performing the 
change of variables p^p + p^ in order to bring the contribution of p M up into the exponent. 



Proposition 3.1 With the Eq integral on the right hand side of (3.5) denoted by /(/i;e) we have 



f{ l i;s) = e- I ^E° 



e -kQ(<i»-^)p 2 e -^SoP»p 3 -knp i A{p + p^R(p + p^),\\p\\ 00 < e^JJ 



(3.6) 



in which q^x) = 6/j,k sn (^/Jlx,k) (= 6p 2 I (x)). 



We have thus extracted the advertised leading term, e i ^p>*) = e 8AV 3/2 (i -f o(l)). Further, the 
formula (3.6) identifies the Gaussian measure e" -(i-/2)fo(i»- 2 »)P 2 dP§ which, as is the case in finite 
dimensional Laplace asymptotics, will dictate the remainder of our computation. The study of this 
measure is initiated in the next section. 



Remark Given (3.6), it is a simple matter to obtain the lower bound complementing Theorem 2.2: 
lim^ ooM - 3 / 2 log/(/ i ) = -8/3. 

Remark If we now understand that a vicinity of p^ (and its translates) accounts for the leading order 
behavior of f(p) for ^^oo, it is interesting to consider what this implies for the random potential. 
Running the Ricatti correspondence "backwards" relates this leading path to the potential q(x; fi) = 
— /i+p^(x)+p^(x) ~ — 2/zsech 2 ( v ^Z(x— 1/2)). While formal, this indicates that large negative deviations 
of the ground state stem from White-Noise potentials lying nearby a single well of depth \i and width 

Proof of Proposition 3.1 This is a consequence of the Cameron-Martin formula for P® proved in 
the Appendix (Lemma 8.2). It states that, for bounded functions F of the path, 



E° [F(p)] = E° 



F(p + Pn)exp 
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In the present case 

F(p) = e-Ho^-P 2 ) 2 A{p)R{p)l {llp _ pMoo ^ } , 
and a simple expansion yields 

= J M (p^) + 2 J p^-rfp+lj (6pl - 2u + A Pli p + p 2 ^p 2 - J p'lp. 
Next, we notice that p"^ = 2p 3 l — 2[ip^ + constant, and therefore 

PliP= - 2 / Pi*(j>l- P)P 
Jo 

when JqP = 0. The proof is finished by combining the last two formulas. 

4 Hill's Spectrum and the associated Gaussian process 

Our analysis of the culminating form of the expectation (3.6) takes the anticipated route. Restricted 
to a set of relatively small L°° norm, it is expected that A(-) and R(-) settle down to A(p fl ) and R(Pu) 
as /«— >oo. More delicate, the cubic (2 J Q p^p 3 ) and quartic (—(1/2) J Q p 4 ) terms in the exponential 

should be lower order when compared with the quadratic factor (1/2) J (o^ — 2/i)p 2 which is of order 
u. That is, the remainder of the computation should be viewed with respect to the Gaussian measure 
cxp[— (1/2) J Q [q^ — 2[i)p 2 ]cIPq arising from the Hessian of the rate function I^p) at p = p^. 

Of course, exercising this program first requires being able to compute in the latter measure. This 
prompts the study of the periodic spectrum of the (deterministic) operator 

and in this we are met with no small piece of good fortune. The reason we can compute the details of 
f(u) rests on the rather special properties of Q^. 

4.1 Hill's equations 

Consider the general Hill's operator Q = —d 2 /dx 2 + q(x) in which q(x) is smooth and with period now 
taken to be 1/2 (note our motivating example Q^). The periodic spectral points of Q comprise a list: 

-co < A < Ai < A 2 < A 3 < A 4 < A 5 < A 6 < A 7 < • • • t +oo. 

In particular, the so-called principal series A < A 3 < A4 < A7 < A 8 < • • • makes up the periodic 
spectrum of Q acting on L 2 functions of period 1/2, and the complementary series Ai < A2 < A5 < 
A6 < • • • fills out the periodic spectrum of Q on L 2 functions of period 1 . An equivalent characterization 
of spectrum may be described with the help of Hill's discriminant 

A(A) = yi(l/2, A) + 2/2(1/2, A) 

in which j/x (1/2, A) (2/2(1/2, A)) is the normalized sinedike (cosinedike) solution of Qy = Xy with j/(0) = 
0, 2/(0) = 1 (2/(0) = 1, 2/'(0) = 0). The classical result is that A(A) is an entire function of order 1/2 and 
that it encodes the spectrum: A(A) = +2 on the principal series and A(A) = —2 on the complementary 
series. 
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A special situation occurs when the shape of the potential q is such that the simple eigenvalues 
A < Ai < • • • < X 2g are finite in number with the rest of the list double: \2e-1 = X 2 i for £> g. Then Q 
is said to be finite gap, and it is the remarkable discovery of Hochstadt [10] that in this case the simple 
spectrum determines the full spectrum and so also A(A). More precisely: 

Hochstadt's Formula Let Q be finite-gap with 2g + 1 simple eigenvalues. Then A(A) = 2cos^>(A) 
with 

2 J\ y/-{s - A ) • • • (S - X 2 g) 

in which X[ < ■ ■ ■ < X' g are the points \2e-i < X' e < X 2 i where A'(A) = 0. They are determined from the 
simple spectrum through the requirement: ip(X2e) — ip(\2e-i) = for £ = 1, 2, . . .g. 

This formula will play an essential role in Sections 6 and 7. More background information on Hill's 
spectrum can be found in [18] or [21]. 



4.2 When Q = Q VL 

The key fact is that the family of Lame operators Q = —d 2 /dx 2 + m(m + l)fc 2 sn 2 (x, k) over the period 
< x < 2K are finite gap with g = m (see again [21]). In we have m = 2, and, what is more, 
the simple eigenvalues and corresponding eigenfunctions are known, having first been computed in [12]. 
With 

a±(k) = 1 + k 2 ± ^l-k 2 + k 4 , 

we have: 



A = 


= 2a_(fc) 


4> (x) 


= 1 — a_(fc)sn 2 (x, k) 


Ai 


= 1 + k 2 


4>i(x) 


= cn(x, /j)dn(:r, k) 


A 2 = 


= l + 4k 2 


4>2{x) 


= sn(a;, fc)dn(x, k) 


A3 


= 4 + fc 2 


M x ) 


= sn(x, fc)cn(x, k) 


\4 


= 2a + (k) 


4>4(x) 


= 1 — a + (fc)sn 2 (x, k) 



Of course, things arc to be scaled as in x— >4Kx = ^/JJx to keep the period at 1/2. Accordingly, 
X^X^ =fixA< and 4>i{x)- j >(f)^{x) — (p^^fjlx), after which we may introduce the L 2 [0, l]-orthonormal 
sequence denoted by {4>^} — {4*1 /ll^lb}- Keep in mind though the unsealed A's and </>'s depend on /i 
through the modulus k. Further, it is worthwhile noting that unsealed operator n~ 1 ' 2 Q t _ l (- / \/JT) tends 
to —d 2 /dx 2 +6tanh 2 (x) over the whole line as [i^oo or k— >1. In this picture, </>o, ■ • ■ ,03 correspond to 
bound states {4>o,4>i — sech 2 and 02,03 — sinhsech 2 up to (3(e~vW 2 ) errors in L°°) with continuous 
spectrum beginning at A4 ~ 6. 



4.3 The Gaussian Measure 

We now have a more complete picture connecting the basic degeneracy and the introduced conditioning. 
If the CBM had appeared unconditional in the definition of f(p), we would at this point be faced 
with the measure exp[— 1/2 J Q (q^ — 2[i)p 2 ] x dCBM to provide concentration of the path about the 
extrema set. However, the first two members of the corresponding spectrum Aq — 2fi and A^ — 2[i are 
~ — 16e _ V^/ 2 j preventing this measure from having a sense. 2 Thus, the mean-zero conditioning built 
into the problem works to counteract the first degeneracy tied to the ground state of Q^. Furthermore, 
the conditioning we introduced to account for the translational degeneracy exactly removes the second 
eigenstate of Q^. 

2 That these first two spectral points are even a little negative is due to the fact that p M is not actually an extrema, 
though exponentially close. 
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That the imposed p = only "works to counteract" the degeneracy at 0q is because that mode is 
not fully removed by the conditioning. The constant function can however be written in the eigenbasis: 
from the first and last items of the list (4.2) we see that 



1 = co<f>%(x) - c 4 $f(a;) 



(4.3) 



where 



co 



co(m) = (" 



a+{k) 



r)lKII 



2 and C4 



c 4 (/x) = (- 



,a + (fc)-a_(fc)/"^ ol|z * Va + (fc)-a_(fc) 

This allows an explicit description of the bottom of the conditioned spectrum. 
Lemma 4.1 The Gaussian measure P* defined by 

F{p) cxp j-i Joiq^x) - 2fi)p 2 {x)dx} 



)m\2. (4.4) 



E* 



F(p) 



^0 



^o° 



CX P {~5 Ji^M*) - 2/x)p 2 (a;)(fa;}] 



/ms </ie expansion 
p(x) 



c 4 </>o(x) + Co4>^(x) 



v /c|(A^-2 A1 ) + C 2(A 



=flo + 



2/x) v 7 ^ - 



02 



<g(*) 



2/i 



03, 



(4.5) 



j»>5 V 2 M 

= p^(a;) + p h (x) 

f or {9e} a sequence of independent standard Gaussians. 

The division into low and high modes (pi and ph) is prepared for later. We pause here to note that 
while the typical normalizcr of each high mode — 2/x is 0( s /Ji) (for any £ > 2), the corresponding- 
object in the lowest mode \J Cq(A^ — 2/x) + etc. is only of order /x 1 / 4 . Thus, scaling out the ^fji from 
the exponential weight of P* (as is customary in Laplace type computations), we see that the resulting 
Gaussian measure has a spectral gap disappearing like /x~ 1//4 . This is degeneracy (or perhaps it is better 
to say "near-degeneracy" ) orthogonal to the set of extrema mentioned in the introduction. It would be 
interesting to understand its physical significance. 

Proof This is just the classical Karhunen-Loeve expansion, see [1]; we outline the derivation to make 
clear what occurs at the bottom of the spectrum on account of the condition J Q p = 0. 

As CBM[exp { — 1/2 f (<7 p — 2/x)p 2 }] = +oo, it is convenient to express things through dP q ^ = 
cxp [—1/2 Jp 1 q^p 2 ]dCBM which docs have finite total mass. That is, we write 



e; 



F(p) 





F(p) evfoP 2 ( x ~) dx 


f p{x) = 0,j^p(x)^(x) = 





E 


in 


e ^.lo P 2 (x)dx 


/>(x) = J>(x)<(x) = 0_ 





and introduce the coordinates p(x) = YTi 



Gaussians). Written in this way, the numerator of (4.6) takes the form 



(4.6) 



(f)^(x)r]e under P q ^ (the are independent standard 



£=0 



CQ 



£=0 

K( x )Vo + -^=^(x)r] 4 + p h 
v A 4 



C4 



f]4 = 0, 771 = 



(x)j cxp I 



fi- 
ll. 

'4 



cp 

V A 



C4 



:r? 4 = 
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Here C is a constant factor and 

its distribution now identified by independence. 

There remains the distribution of poa{x) = —h^4>o( x ) r lo H — jj^^li^H subject to the quadratic 



weight exp[^-ry^ + yp-f?!] and linear conditioning {— t=??o Tr^ 7 ? 4 ~ 0}- ^ nc question is only whether 



the latter conditioning can hold down the focusing weight. A straightforward computation shows that, 
for X, Y ~ iV(0, 1) and independent, 

(l-2a) + (^) 2 (l-2/3)>0 implies £[e aJf2+,9y2 | aX + bY = 0] < oo. 

Next note that, by inspection, a + (k) ~ 3 and a_(fc) ~ 1 up to errors of order 1 — k 2 = 0(e~V^/ 2 ). At 
the same level approximation we also have 

1 a, ,s, 2 



1 fv^ 2 f 

0W2 — —= / cn 4 (x, k)dx ~ — — / sech (x)da; = 
vM Jo J -oo 



\,T> Jo \T* J \ : '>\ J 1 ' 

and H04II2 — 4; the upshot being that Co(ju) — -\/6m _1 ^ 4 an d c 4(m) — 1- Thus, 



and we just get by. Running through the same computation with the addition of a test function of po,4 
in the integrand completes the proof. 

5 Proof of the main error estimate 

Having renormalized in terms of the Gaussian measure P* defined in Lemma 4.1, we now return to the 
asymptotics of /(/i, e), recall (3.6). Using the form of A(-) we first write 

yJl-^e-'oMfQae) (5.1) 

= [ [ e 2 h x ^E; [e 2 />- 2 /. 1 v 3 -5J„ I p 4 fl ( p+P(j ) i HpII^ < e^j] dydx 
Jo Jo L J 

in which Z* is the P* mass, Z* = £$[exp{ — | J Q (q^ — 2^)p 2 }]. In these terms, the main result of this 
section is that right hand side of (5.1) equals A{p^)R{p^) up to small multiplicative errors, and, since 
A(Pfj.) = Jq 1 Jq 1 e 2 ^y p "dxdy, this is equivalent to the following. 

Theorem 5.1 For ^1^00 and all e > sufficiently small, 

^[exp^jT P-lJ o P^~\J P A }R(P + P»), I \p\ U < Ey/ji] = i?(p M )(l + o(l)) 

independently of x,y G [0, 1]. 

This leaves the computation of Z*, taken up in the next section, as the final ingredient in the proof 
of Theorem 1.1. 
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As alluded to earlier, the fact that the (scaled) process P* does not posses a good spectral gap 
means we have to take extra care in dealing with the low modes. In particular, everywhere p is split 
(p = pg + ph) and expanded, with differing considerations for each piece. To explain some of the 
difficulty, we introduce the shorthand 

p e (x) = a^x) go + b^x) + Cn{x) fl 3 

and note that for large fj,, a^(x) ~ (l/8)cn 2 (y/Jlx) + 0(fj,^ 1 ^ 2 ), b^(x) ~ (l/2)^ _1 / 4 sn( v / /Ia;)dn( v 7Ia;), 
and Cp(x) ~ (l/2)(j,~ 1 / 4 sn( y /jix)cn(y/jlx) , see again (4.5). The point is that while any positive moment 
of \a^\ decays like ^T 1 / 2 , this mode remains O(l) in sup-norm as fi— >oo. The decay of and c M is only 
slightly better, both of order /U 1 / 4 in L°° and order /x^ 3//4 in L 1 . It is not surprising then that we have 
to rely on cancellations in the lower modes. For example, for the cubic we find that 



(5.2) 



the potentially troublesome terms J* p M a^ and J* p^a^c^ both vanishing. Even still, the remaining 
term J* p^a^b^g 2 . q 2 cannot be made small on its own. Besides cancellations, we need help from the 
(negative) quartic. 

Towards this end, we make the decomposition 

2 J*P + 2 J PnP 3 -\f o P 4 = F {p,fi)+F 1 (p,^ 
F (p, M) = 6 (jf 1 p,a 2 M l Q2 ) \ jf 1 {a% + b% fl 4 + c 4 4 ) - \ jf * p\ ^ p 2 p 2 (5.3) 



in which 



and 



2 / V0h + 6 / PiJ.Pe.Ph + 6 / PuPtPh 
Jo Jo Jo 

+2 [ V p-3 [ p\p h -2, [ Pe pl 

Jx Jo Jo 

+2 J P m ( 5 m02 + c^f ~\J (Pe- a Uo - h Ut - c Ut)- 
With this in hand, we note that for any event A of the path: 



(5.4) 



E* 



3 Fo(p,/i)+Fi(p^) 



R(p + Ptt ),A -R{ Pli )E* 



< R^)El\e*to*)\F x {p t pL)\e\ F ^\, a] + E;\\R( Pfl ) - R(p + p^\e F °M , A 



+K 



IRip^-Rip + p^MlF^^e^M^A 



where the elementary inequality |1 — e?\ < |/|e'^' has been used. Thus, after successive applications of 
Holder's inequality, the theorem is a consequence of the following three facts. 



Lemma 5.1 There exists a 9' > 1 such that 



E* 



exp{e F (p, fi)}, |b||oo < = 1 + 0(M" 



1/2N 



for all 6 £ [1, 9') as /x— >oo. 
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Lemma 5.2 Given > 1, 



lim E* 



fj,— >oo 

for all e > small enough. 

Lemma 5.3 For any 9 > 1 t/iere is the bound 

( y E;[\R(p fl +p)-R{p^ 
in which Cq depends on e but not /x. 



F 1 (p,iJ,)\ e expj^Fi^M)!}, Hull,*, <eV/I 



0. 



<^]) 1/P <C ^)M" 3/4 



Furthermore, the proofs of these three ingredients rely to varying degree on the next lemma which 
describes the convergence of P* to the zero path as [i— >oo. 

Lemma 5.4 Under P* the path has the following decay in mean-square. We have 

' f 1 p 2 (x)dx] < C\fi- l/2 , 



and, if we remove the low modes: 



sup E* 



Ph( x ) 



<C 2 ^' 2 . 



Q<x<\ 

Proof For the integrated mean-square estimate over the full path p one just computes: 



J p 2 {x)dx = al(x)dx + j^- 



+ 



A_ X ^ 1_ 

- 7n + ^ A£ - 2/z' 



2fi A3 - 2/j, 



(5.5) 



1=5 



The first three terms wc know explicitly. The /i -1 / 2 decay of J Q a 2 has already been remarked upon, 
and both \% and A3 are approximately 5^i for \x large. We also know that \^ — 2fi = O(fi) for any fixed 
£ > 2 and /Li— »oo. However, controlling the whole sum requires more precise eigenvalue asymptotics 
provided by the following classical result: 

K = ^ 2 £ 2 +f% + °(i^2 f\% - f %) 2 ) = ^ 2(2 + 6 M + 0(V 2 ) (5.6) 

for all large values of the index. See, for example, Theorem 2.12 of [18]. The tail of the sum in (5.5) 
then behaves like 

dx 



£>L 



fl + £ 2 y/fl J L/Vp 1 + 



- 0(M" 1/2 ), 



completing the verification. 
As for 



00 

sup E*{p 2 h (x)} = sup 

0<x<l 0<ie<1 ^ „ - 



A^-2/x J' 



the result will follow granted a uniform bound on ||$f||oo independent of fi and of the index £ > 5. 
(The intuition is thus: £ > 4 corresponds to continuous spectrum for /j,— >oo, and so the corresponding 
eigenfunctions should remain "flat" for large values of /it.) Once more, the ingredients of the verification 
are classical. It is convenient to consider the unsealed equation which reads u"(x) + (6fc 2 cn 2 (x) + 
je)u(x) = (m(0) = u{^ffT)) with -fe > and of order £ 2 j ^[Ji (note again 5.6). Then, for any £ up to 
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order y/Jl, a comparison argument with the explicit I = 4 case (7 ~ 0) will produce the desired bound. 
On the other hand, when I > C^/Jl with C large, well known arguments (see [11] for a model) will show 
that the solution is uniformly approximated (up to errors of 0(£ -1 )) by a single trigonometric function 
with I oscillations. The proof is complete. 

Proof of Lemma 5.1 We concern ourselves with the upper bound, the lower bound being a simple 
consequence of Jensen's inequality. First note that 



El 



<e^JI <£exp{6 6»(/ p^a 2 ^) 



flo02 



«t) 0o } 



That is, we only really use the quartic in the lowest mode to control the bad cubic term. Next, the 
integral on the right hand side may be performed in the Q2 variable, and we will be satisfied to show 
that there exists a choice of 9 > 1 and a S > such that 



36 9 2 ( f Ptt a 2 (x)b^(x) dxY - 6 f a 4 (x)dx < l —l 

Vo ' Jo vM 



for all large enough fi. Now 



(5.7) 



2 1 1 (JV" cn A (x)sn 2 {x)dn(x)dx) 2 
V^8 4 3f^Bn 2 (x)dn 2 (x)dx 



and 



f 1 11 [^ 

al{x)dx = —^ cn 8 (x)dx 



up to (unimportant) errors of order . Further, up to errors exponentially small in y/JI, the integrals 
on the right of the last two displays may be replaced by integrals over the whole line of the corresponding 
hyperbolic-trigonometric functions. That is, the validity of the desired inequality (5.7) is equivalent to 
whether 

/OO /"OO /"OO 

sech 5 (;r) tanh 2 (a;)dx < / sech 8 (x)cfa; / sech 2 (x) tanh 2 (x)dx. 
-00 J — 00 J — 00 

Both sides of the latter may be worked out to read 12(7r/16) 2 < (2/3)(32/35) which is indeed true. The 
proof is finished. 

Proof of Lemma 5.2 Consider the first line comprising Fi(p,/ J i), see (5.4). That is, the estimate is 
detailed for F\(p, fi) = 2| p^p%\ + 6| J P^PePhl + 6| J P^p 2 Ph\- These terms are in a sense the most 
difficult as they involve the additional factor of yfji through p^. At the end we comment on how to deal 
with the remaining terms in the full F\ . 

For the present task, it suffices to prove the following two types of estimate. First, 



f 

Jo 



PuPh 



•0, E* 



f 

Jo 



•0, and E* 



/' 

Jo 



PpPePh 



■0. 



(5.8) 



as jj,— ^00 for all m large enough. Second, for whatever C > 



limsup E* 



< OO, 



lim sup -E* exp < Cy/Jt 



\Pl\Ph 



}, IN |oo < £^ 



< 00, 



and limsup -E 1 * 



cxp 



{c\ 



PuPiPh 



}, IN loo < 



< OO 



(5.9) 
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when e > is chosen appropriately. 

Starting with (5.8) and working left to right we first have 



K / p,(x)pl(x)dx < M m/2 / E;{\p h \ 3m (x)]dx 
L Jo J Jo 

C 1 / \ 3m/2 

= c 3 M m/2 J o (e; IpI(x)}) dx < c 4 p~ m '\ 

Here we have used Jensen's inequality, the fact that Ph(x) is Gaussian, and Lemma 5.4. In a similar 
fashion 



E* 



< 



\PiMx)\pt\pl{x)dx ^ 
C^ m ' 2 {Kit/' K\(x)pl(x)dx) m +(£ \b,\(x)pl(x)d. 



t \(x) P l(x)dx) }. 



Restricting attention to the first term as has less decay compared with 6 M or we find that by 
Jensen's inequality and Lemma 5.4, 

» m/2 E;[(£ \a„\(x)p 2 h (x)dx) m < C 5 » m/2 (£ K\ m (x)dx) [ o Sup^E;\p h (x)]) m/2 < C e ^ 2 . 

As for the last expectation in (5.8), it may be bounded by 

» m/2 E*[(J rf{x)\p h {x)\dx) m ] < C 7 ^ m ' 2 {E;[(j\l{x)\p h {x)\dx) m ] + like terms in b\ and c^}. 
Spelling out the first term involving we find 



jm /2 E * 



al(x)\ph{x)\ dx 



, / f 1 im \m-l f 1 / \m/2 (m-it 

< Csv m/2 [J \a„\—i{x)dx) J (E;\pl(x)Y) dx<C 9fi *~ 

after an application of Holder's inequality, and, again, the [i~ x l 2 decay of the moments of a M along with 
Lemma 5.4. Terms two and three are handled in the same way. 

Turning now to exponential bounds (5.9), we require two additional observations. The first is that 
there exists an M > 1 so that 



IN loo < £VM implies |N||oo < Me^/jl; and \\p h \\oo < Me^/Jl. 



(5.10) 



for some M > 0. To see this, first multiply the inequalities —e^f]x < p{x) < —e^fji through by (j)^(x) > 
to find that 



Iflol / a^{x)(j)^{x)dx < ey/JI / <j>£(x)dx. 
Jo Jo 

Next it may be checked that J Q a^fi and J Q (f>Q are of the same order, and so 

Iflol <cw 1/2 - 

The verification of (5.10) is completed by showing that 

|fl 2 | < C n e[i 3/i and | 03 | < C 12 e^' A 



(5.11) 



(5.12) 
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on Iblloo < £y/ji- This is similar: the inequality is now multiplied through by (Halloo + ^2) ( or 
(1103 I |oo + 4>3 )) an d integrated. Since the path is mean zero this produces an inequality in |g 2 | (or 1 03 1 ) 
alone which is equivalent to (5.12). The second fact we will need is the following upper bound on the 
sup- norm deviations of ph- For all N large, there exist (positive) constants a and b independent of /x 
such that 

P;(\\ph\\oo >Nj <acxp[-VM^ 2 ]- (5-13) 

This is an immediate consequence of Borell's inequality (see [1]) and Lemma 5.4. 
With those points established, we turn to the first expectation in question: 



r 1 

exp|cVMy Kl 3 }, Iblloo < 



(5.14) 



< N 



exp ■ 



[c'/js j pi), IKIU > N 



< e; 



P P 1/2 

expje^ J Pi}} + (^[exp{2C M £ J P 2 h }}) (P(\\Ph\\oo > N)) 



1/2 



< exp \CN ■ 



£>5 



A^-2^ 



a exp 



/i 



e>5 



A^-2 M 



exp 



Note that this last inequality holds as soon as ^ is large enough and e small enough so that both 
CN-(^/jl/(\%-2fj,)) ~ (l/^CNn- 1 ' 2 and 2Ce- ( x //I/(A^-2/i)) ~ (2/3)Ce are less than one-half. Now 
we recall that the sum y//i^ £>2 A^ is bounded by a fixed constant for /ifoo. Indeed, this is really the 

content of Lemma 5.4, this sum being finite along with limsup^^^ ^ ^pp- < 00. So the first term in 
the last line above is bounded independent of N, and the second will go to zero as ^^00 by appropriate 
choice of N. 

The next integral is approached the same way. We find that 



e; 



cxp{c\/M j \Pe\Ph), IN loo <ey/Ji 

£;[exp{cV^ 2 (lKlli|0o| + HMliN + II^Hilflsl)} 
exp {C- Men J pi}, ||pfc||oo > ^ . 



+e; 



In the first term on the right hand side we have used ||p/i||oo < N by explicitly restricting to that set 
of paths. Since ||a^||i = 0(/i -1 / 2 ) and | |6 M | |i, ||c M ||i = (3(/j~ 3 / 4 ), this term is plainly bounded. In the 
second term we have used (5.10): |p^| < Me^/Ji due the overall control of |N|<x>- From this point this 
term yields to considerations identical to those for the second term in line of (5.14). 
Last we come to bound the expectation involving a large constant multiple of 



/' 

Jo 



Pn{x)Pe(x)ph{x)dx 



< 



p ll {x)a 2 l {x)p h {x)dx 



9 2 o 



(5.15) 



p li (x)bl(x)p h (x)da 



02 + 2 



Pn (x)a fl (x)bn (x)p h {x)dx 



|0o02| + etc; 



the etc indicating like terms in q 2 , |go03| and |g 2 03 1 - Making use of (5.11) and (5.12) we note that, for 
example, 



/ Pn(x)a^(x)b^(x)p h (x)dx \g Q 2 \ < C 13 en / sa{ s /Jix)a tl {x)^{x)p h {x)dx 
Jo Jo 



Iflol- 
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Similarly, each term on the right hand side of (5.15) may be bounded in turn by (constant multiples 
of) expressions of the form 



1 

ip(^x)p h (x)dx \g e \ = ne\G(ip)\\Qe\ 



with £ — 0, 2, or 3 and ip a smooth periodic function for which limsup^^^ \ip(x)\dx < oo. While 
V> differs in each appearance it now suffices to show that for any such tp, e may be chosen small enough 
so that 



E 



e X p{HW)llflo|}] <C 14 £[exp{ M W(0)}] < C 16 



independently of [i. Now since G{4>) is itself a mean zero Gaussian random variable, this last display is 
true as long as 

fE[Q\n =^^_l_^% (v7Ia;) ^ (x) ^ 2 (5 . 16) 

may be bounded independently of ^i. In this direction, we have the estimate 

il>(^)<ft(x)dx<Ci 6 (-±=Aj) (5.17) 

which is explained as follows. In Lemma 5.4 it is remarked that there is a uniform L°° bound on the 
high eigenfunctions \4>^\- The /z -1 / 2 decay may then always be extracted from the same decay of tp 
in L 1 . On the other hand, as also remarked in Lemma 5.4, for high values of the index <pg is well 
approximated by a trigonometric function of £-turns. The l~ x factor then follows from the lemma of 
Riemann-Lebesgue. Finally, substituting (5.17) into (5.16) produces 

and it is readily checked that the latter remains bounded as //— >oo. 

We close with some comments regarding the remaining terms in Fx (p, /z) . Looking at line two of 
(5.4) it is plain at this point that the linear term | f*p\ < Jo \p\ poses no difficulty. On the other hand 
Jo \Pt\\Ph\ 3 ^ Me^/Jl Jq 1 \ph\ 3 on the domain of integration which reduces the term to a type already 
dealt with. Also, expanding the low modes out in | J Q p\ph\ and employing (5.11) and (5.12) make this 
term comparable to | J Q p^pfph \ ■ Finally, the last line in (5.4) is explicit in terms of the low modes. 
It may be done by hand, cancellations in the cross terms (as in (5.2)) being of great importance. The 
tedious details are not reported. The proof is complete. 

Proof of Lemma 5.3 We actually prove that, on the set of paths {p : \ \p\\oo < £y/J^}, there is a fixed 
constant so that 



1 f 1 

R(p»+p) - R{Pn) < Co J2(p M ) -= / \p\ 

Jo 



The L e estimate for 9 > 1 then follows from Jensen's Inequality and the first conclusion of Lemma 5.4. 
Introduce the un-normalized extremum p* (x) = ksa(y/Jix,k) and the functional 



1 f 1 



1Z(a,p) = / 4>i(x + a)p(x)dx — j cndn( v / 7i(x + a))p{x)dx. 
Jo Jo 

It is the derivative of 1Z in a which figures in the definition of R. Clearly, for any path p, lZ(a,p) is 
is an analytic function of a, and 1Z'{a,p) < C||p||oo with a constant independent of a. Further, at the 
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cxtrcmum p* , H(a,p*) has exactly two zeros at a = and a = 1/2, and the derivatives at those points 
satisfy H'(0,p*) = — 72/(1/2, p*). Also, one may check that \1Z'(0,p*)\ converges to a positive constant 
as /if oo. It follows that if p satisfies ||p||oo < v^ 6 ' then, for all large p,, lZ(a,p* +p/y/p) has exactly two 
zeros, n = n(p) and r2 = r 2 (p), lying within neighborhoods of radius e from and 1/2 respectively. 
In fact, |n | and |r 2 — 1/2| may be bounded in a more useful way by a constant multiple of -j= f Q |p|. 
Take the case of n : 



^— [ \p{x)\dx > ^— [ 4>1(x + n)p(x)dx 
Jo Jo 

J [r i {x)-r i {x + r 1 ))p*{x)dx\ = |n(p)| \K'(r,p*) 



(5.18) 



with some r between and n, that is, |f| = 0(e). Since there exists a <5 > with \lZ'(0,p*)\ > 5 for all 
large ^, by analyticity |72'(f,p*)| satisfies a similar lower bound. The claimed bound on n follows. 

Next let us write TZq = \H'(0,p*)\, 72i = \1Z'(r\,p* +p/ s /Ji)\, and 72 2 = |72.'(r 2 ,p* + p/s/Jl)\ in terms 
of which 



n 

2 1Z 1 +1Z 2 



T7^ 1 lZi+112 + lZx+112 J ■ 



It follows that it enough to show that |72o — 72i| and \1Zq — 1Zi\ are bounded by CilZop, J \p\ ot , 
what is the same, by C 2 J \p\. (That 7?-i, 2/(^1 + ^2) = 0(1) is plain.) Consider the difference of Ho 
and 72.1, the other estimate being identical. On the set {p : \\p\\oo < V^ 6 } we have 



\1Zo-Ki\ 



(^)'(x)p*(x)dx - [\rjix + ri )(p*(x) + ^=p(x)) 



dx 



< 



< 



\p*(x)\dx + —l (W(x + ri )\p(x)\dx 
VM Jo 



Jo 

v\ r i(p)\ / (cndn)" (y/Jb(x + r*)) sn(y/]lx) dx + | (cndn)' (y/m(x + n))| \p(%)\ dx 
Jo Jo 



for some r* , — |n| < r* < |n|. In line two we have supposed that £ is small enough that the absolute 
values in the definition of IZq and Hi may be left off. To finish, note that |(cndn)'(-)| < 2, 



/ (cndn)"( v / 7I(a; + r*)) sn( v / ^x) dx = 0(p 
Jo 



-1/2 



if r* is bounded with probability one, and last, from (5.18), |n(p)| < Csp Jq \p\. The proof is 
complete. 

6 The Gaussian correction 

All would be for naught if we could not compute the "Gaussian correction" : 

Z(p) = £°[exp{-^ (q„(x) - 2 M )p 2 (x)dx}]p (^ <ft(x)p(x)dx = 0) (6.1) 

(= Z*Po(L cp^p = 0)). The properties of the operator Q M = —d 2 /dx 2 + outlined in Section 4 now 
play an essential role. As in the proof of Lemma 4.1, it is convenient to renormalize and split the E® 
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integral into two pieces as follows 

E o[ cx p{-\1 {%-^)p 2 }] = ^[ CXP { M / p2 } I I P = 0, I ^ lP = ° 

exp 



(6.2) 



xE° 



Again, E q ^ denotes the mean- value with respect to the Gaussian weight Z^ 1 exp [—1/2 J Q q^p 2 } x 
dCBM. We recall that the point of this splitting is that, without any conditioning, the latter is a 
proper probability measure on periodic paths (i.e., Z q < oo). 

Taking advantage of this, the first integral in (6.2) may be evaluated as follows. 



Proposition 6.1 For all /j, > 0, 



E 



exp 



p = 0, 



bfp = 



- [('-K'-IK'-D 



2^ 



2/^ 



1/2 



K4 



K4 



(^4 - + (k - 



1/2 



A 2 (0) 



A 2 (2 M ) -4' 



Here A(A) is the discriminant of and the constants Co and c 4 are as defined in (4-4) ■ 

The computation behind the second piece is more involved. The result is: 
Proposition 6.2 There is the explicit formula 



r27r 4 



-1/2 



1 



(6.3) 



i/ie notation being the same as in the previous result. 



Note what has been accomplished: by Propositions 6.1 and 6.2 and Hochstadt's formula (4.1), Z(^) 
is now expressed completely in terms of the simple spectrum of Q M which we know explicitly. 

Proof of Proposition 6.1 Once more we bring in the expansion of the path p(x) = J2eLo ~rr ( t > e( x )8z 

under P qti . This translates the expectation of interest to: with E the mean corresponding to the 
independent Gaussian g's, 



E, 



exp < [i 



{m / P 2 {x)dx^ 



= E [^{EM\*i = °>-%i* 

e=o * V A o 

- [ n 0-|)]"^h{ 



p(x)dx — 0, I 4>^(x)p(x)dx = 
c 4 



(6.4) 



ii o M 2 
exp i T7T0O + 



fl4 = 

} 



Co c 4 n 
-7=00 7==04 = 



2<£<oo,£^4 

The integral in the last line already appeared in the proof of Lemma 4.1; we now detail its evaluation: 

f U 2 U ,11 C(] C4 

i eXp lA? ° + A? fl4 }|^f flo -^ 04 = O 



E 



- ( 



A A 4 
iA* 2 



exp {-1 [(1 - 2m/A£)^| + (1 - 2m/A 4 )^| 



J 2tt 



X^ -I- X^ 2 
A 4 C -+- A C 4 



(A£ - 2/i)c 2 + (Aq 1 - 2 M )c 2 



1/2 
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Concerning the prefactor in (6.4), when restored to a product over the full range, one over its square 
reads as P(A) = Ilfco(l — ^/K) evaluated at A = 2/x. The behavior of A^f for ^foo shows that the 
latter is entire function of order 1/2. Also, as P(A) vanishes only at the periodic spectrum of Q M , one 
concludes that it is a constant multiple of A 2 (A) — 4. In other words, 



[ n (> 



2[i 
AT 



-1/2 



' A 2 (0) - 4 
A 2 (2 M ) -4 



('-IX'-fX 1 -!) 



2^ 



2/^ 



1/2 



2<£<oo,^4 

The proof is finished. 

Proof of Proposition 6.2 . The goal is to convert the CBM integral to one over Brownian bridge 
paths. First though, the conditionings J Q p = and J Q p</>i are removed as follows 



El 



1 f 1 

= Pq- 1 (jf #p - O) P 9m ( jf p = 0, jf lP = O) x CBM 



(6.5) 



: Jo 1 q^(x)p 2 (x)dx 



The first factor, while computable, cancels the same object in the numerator of (6.3). The second is of 
a similar nature: under P Qfi , the variables p(x)dx and Jq 4>i{x)p(x)dx are independent Gaussians: 



P 



9m 



p = 0, 



CO 



So 



C4 

/A? 



(6.6) 



^(c 2 /A(; + c 2 /A^) v/VAf 



as advertised. Turning to the third factor in (6.5), we now unravel the periodic boundary conditions. 
From the definition, 



CBM 



CXP {~\f Q ^( x )P 2 ( x ) dx }] =J SM 00 [exp{-i^ %{x)(p{x) + c) 2 cfe}] (6.7) 



dc 



2n 



Here, in line two, we have renormalized yet again to introduce the measure P q on tied paths with 
weight Z q ^fi — PM o[exp{— (1/2) f Q q^p 2 }]. Said differently, Pj M>0 is the Gaussian measure with inverse 
covariance operator <5 Mi0 = —d 2 /dx 2 + over paths p(x) subject to p(0) = p(l) = 0. As such, the 
integrand in (6.7) may be worked out as 

CXp {~\ c2 J q ^ x "> dx } E i^'° CXp {~ C / %{x)p{x)dx} =cxpj-ic 2 j q,,(x)(l - {Q-^q^ixj^dx j 

by simply using the definition of the Green's function Q^ - Next, with ip(x) = (6„ 1 (j M )(a;) it is 
immediate that 



J q^x)(l-(^ 1 q^)(x))dx = - J ^"{x)dx = J 



<(aO+Vi'(z) 



dx 



in which ipo{ x ) an d ipi(x) are the increasing/decreasing solutions of tp"(x) = q fl (x)ip(x) over < x < 1 
subject to V'o(O) = 0, ^o(l) = 1 and Vi(0) — 1) V'i(l) = 0- I 11 terms of the normalized cosine and sine- 
like solutions at A = 0, we have ip (x) = yi{x,0) - (y 1 (l,0)/y 2 (l,0))y 2 (x,0), ipi(x) = y 2 (x,0)/y 2 (l,0), 
and so 



<(x)+Vi(^) dx = y[(l,0) 



1/2(1,0) 



y 2 (i,o)-i 



l 

2/2(1,0) 



2/2(1,0) -1 



(6.8) 
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Finally, we bring in the classical computation (see [23]), 



Z q ^ = BM { 



00 



1 f 1 

cxpj-- J q ft {x)p 2 (x)dx^ 



which, when combined with (6.7) through (6.8), gives 



CBM 



1 I' 1 

cxpj-- J q fi (x)p 2 (x)dx^ = 



-1/2 



yi(l,0) + j£(l,0)-2 
( yi (l/2,0) + ^(l/2,0))"-4 



(6.9) 



-1/2 



\/A 2 (0)-4' 



Here we have made use of the Wronskian identity 1 = yiy' 2 — y'\Vi in line one and the connection formula 
2/1,2(1) = 2/i, 2 (l/2)2/i(l/2) + yi 2 (l/2)?/2(l/2) in line two. The proof is finished. 

7 Putting it all together: final asymptotics 

The results through this point are summarized in the following Theorem. 
Theorem 7.1 For large \x > 0, 



(7.1) 



f(j*) = d-A(p li )R(pJZ(ii)e X p J„(p M ) (l + o(l)) 



with A(-), R(-), Ifii') and Z(ji) as defined in (1.2), (3.4), (2.1) and (6.1) respectively. Everything on the 
right hand side is an explicit functional of p^ = y/JJksn(-, k) and the simple spectrum of Q^. 

This is really the main result of the paper. By working out of the asymptotics of the individual 
objects on its right hand side, (7.1) may be translated to the statement given in Theorem 1.1. 

To begin, that I^ip^) = — 8/3/< 3 / 2 up to exponentially small corrections in ^/JJ has already been 
noted. By similar considerations we find that, 



^ L sn 2 ( v fflx)(dn 2 ( v /jlx) + k 2 en 2 (y/JIx) jdx 

R(Pk) = 2^ / 1 

J J cn 2 ( y /Jix)dn 2 (y r f2x)dx 

For A{p fJ ) = A + (p fl )A^(p t ^), we have first by direct computation: 



(7.2) 



)W^ 3/ t+°M)- 



1+(Pm) = f 
Jo 



v/(l - k) 2 Wo 



dn 2 (^fjix) + k 2 en 2 (^/Jlx^dx 



8^ 



(l + 0(e-^ 4 )). 



The second half of A responds to 



A_(p„) = J e- 2k ^fo sn (^ d *dx=-^=J e- 2k ^ sn ^ dx dx + 0(e-^) 
= — [ e - 2 Io t ^ h ^')dx' dx x ( 1 + ( e -^ 4 )) = — X (l + O 
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the integral in the second line being easily computed. 

Last we turn to the asymptotics of Z(pi). Examining the results of Propositions 6.1 and 6.2, we see 
that we have two objects not involving Hill's discriminant: 

r/ _ 2m / _ 2m / _ 2m / A^ + Afc! xi ^ 8 1/4^/2 X ( 1 + (J_\) 

IV X^JV X^JV A£A(A£-2 M ) C 2 + (A£-2 M ) C 2;J "3V2^ H' + ^Vm"' 

and 

[|(|-|)]"' /2 ^-^°(^))- <-» 

Here we have once again made use 1 — k 2 = 1 — k 2 (ji) = 16e~^/ 2 (l + o(l)), the list (4.2), as well as 
co(n) = v^M 1 ^ 4 + 0{e^^ 1 / i ) and c 4 (^) = 1 + 0(e~v^/ 4 ), as pointed out in the proof of Lemma 4.1. 
We now make use of Hochstadt's formula to estimate the discriminant for large values of ^i. 

Proposition 7.1 It holds 

(A 2 (2 A1 )-4) _1/2 = e -v^ x (l + o(-L)) (7.4) 

as [i^>oo. 

Gathering one over the right hand side of (7.4) together with displays (7.2) through (7.3) produces 
the form of the result originally stated in Theorem 1.1. 

Proof of Proposition 7.1 Starting from A(-) = 2 cos ip(-) with ip defined in (4.1) we have that 



A(2/x) = 




Besides an obvious change of variables, the second line makes use of the fact V'(Ai) = n. R(s) is 
shorthand for (s — A )(.s — Ai) x (A 2 — s)(A 3 — s)(A 4 — s) which is non- negative for s e [Ai, 2]. Note that 
A , . . . , A4, A' l7 and X' 2 now refer to the spectral points of the unsealed operator with periodic boundary 
conditions over [0, 2K = ^fjl/2]. While these points still depend on /i, we will show that 

/ (« - Ai)(s - A' 2 )^U^2 

as fi-^oo. First though we must pin down the behavior of A^ G [Ai, A 2 ] and A 2 e [A 3 , A4] in that limit. 
Returning to Hochstadt's result we know that 

0= / A2 ( S -Ai)( S -A 2 )-^= and = f\s - X'^s - A' 2 )^J= (7.6) 

from which it may be immediately inferred that \X[ — Ai| and \X' 2 — A3 1 tend to zero as ^i^oo. (Recall 
that, as fi^oo, Ao — Ai = 2 + 0{e^^/ 2 ) and A 2 ~ A 3 = 5 + 0(e~vW 2 ).) Indeed, if A 2 were to remain 
greater than A3 + S for a fixed S > 0, the second equality in (7.6) would require that A^— >5 as /i^oo. 
However, with A' : ~ 5 there would be nothing to balance the singularity at the lower limit of the integral 
in the first equality. Given now that X' 2 ^>5, it must be that A^— >2 in order that the first integral remains 
finite. 
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For sharper information it is convenient to introduce the (small) parameter e = 1 — k 2 , whereupon 

A = 2-e-3/4e 2 -O(e 3 ), X 1 =2-s, (7.7) 
A 2 = 5 - 4e, A 3 = 5 - s, A 4 = 6 - Ae - 0(e 2 ). 

We further denote A^ = Ai + 6\(e) and X' 2 = A3 + 62(e). The asymptotics of 62(e) as may now be 
determined from the second relation in (7.6). Note first that since (s — \[)/\/(s — Xo)(s — Ai) = 1 + o(l) 
for s e [A3, A4] and e— >0, it suffices to consider 

o=/ A4 - ds 

J A3 v( s - A a)(s - A 3 )(A 4 - s) 

in order to gather the leading order behavior of 62(e). Next, shifting variables and employing (7.7), this 
last equality is the same as 



ds [ ds 

62(e) 



+ 3e J y/ s (s + 3e)(l-s) 

us to negligible errors. From here one quickly concludes that 62(e) = 2 (log |e|) _1 (l +o(l)). Armed with 
this information, similar considerations brought to bear in the first relation in (7.6) lead to the estimate 
<5 1 (e) = 4(log|e|)- 1 (l + o(l)). 

Now we may return to the main integral at hand: 

f 2 ds r £ ds 

/ (*-Ai)(*-A£)-== / (s-6 1 (e))(s-(X 2 -\ 1 )) 
J\! V R ( S ) Jo ^R(s + Xi) 

( f 1 (Si(e)-es) (3 + 6 2 (e)-es)ds ) (1 + o(1)) 

Vo y/s(s + 3/4e + o(e)) ^(3 - es)(3 - e - ea)(4 - s) r 

= (6 1 (e) I' - ds - e C J * ds) ( i + 0(6 2 (e))) 
V W io y/s{s + 3/4e) Jo ys + 3/Ae J \2 W V 

= ±(ft( e ) log(l/e) + 0(6^))) (l + 0(6 2 (e))) 
= 2 + o(log- 1 (l/e)). 

That is, the right hand side of (7.5) equals (—2) times cosh( v //I+ 0(1))- The proof is finished. 

8 Appendix 

8.1 On the rate function / 

In this first section of the appendix we revisit the minimization problem (2.1), proving a few technicalities 
used in the proof of Theorem 2.1. 

Proposition 8.1 Consider the Euler-Lagrange equation corresponding to the minimizer of I(f;a): 

\(f') 2 = lf 4 -f-af+l0, (8.1) 
recall (2.4-). Here a is the multiplier and [3 a constant of integration. As a— >0 and /3—*l. 
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It is natural to suppose that a = for all a sufficiently large, but we were unable to prove this. 

Proof We first show that \0 — 1| = 0(l/a). Integrating (8.1) and recalling that we are working in the 
space of mean- zero functions we find 

f {df/dxf = T [1 - Cf ) 2 ] 2 + 209 - l)a (8.2) 

J— a J —a 

for any minimizer /* = /* . It follows that 

| > r (o) = £ [1 - (r ) 2 } 2 + ((3- 1)« > (/? - l)a, 

which gives us one direction. For the opposite inequality, solve instead for J[l — (.f*) 2 ] 2 in (8.2) and 
substitute that into I(f*;a) — I* {a) to yield 

I > I*(a) = £ {dr/dxf + (1 - 0)a > (1 - (8)0. 

Turning to the convergence of a to zero, integrating the preliminary Euler equation, /" = 2/ 3 — 
2/ — a, implies a = —2 J_ a (f*) , and so, since /* and — /* both minimize, it may from here on be 
assumed that a < 0. The important point is to see that ||/*||oo < 1 and that ||/*||oo— >1 as a^oo. First 
let 9 be a maximum of /*. At any point it is attained (8.1) reads as = (1 — 9) 2 + 2\a\9 + (0 — 1) which 
shows that 

29\a\ < 1-/3. 

Now assume that 8 > 1. Then there is a point at which /* = 1 and 

< 2\a\ +0- 1 < 2|a|0 + - 1 < 

by (8.1) and the previous display. But this is a contradiction. A similar argument explains why /* is 
everywhere greater than —1. Finally denoting r\ = f*{x*) where |/*(a:*)| = ||/*||oo it is plain that T)—*l 
if /*(o) is to remain bounded. And, again from (8.1) now at x* , we have that 

0= (1 - i] 2 ) 2 + 2\a\ V + (0 - 1) 

from which it follows that a— >0. 



8.2 Two changes of measure 

Here we provide the proof of the result which allowed us to remove the degeneracy, Lemma 3.1, as well 
as that of the Cameron-Martin formula for Pq invoked in the proof of Proposition 3.1. 

As the reader may have observed, Lemma 3.1 is really a type of Rice formula (see [22], [13], or [16] 
for a more recent account). A proof is provided as we were unable to locate the form of the result needed 
here. Our proof relies on finite dimensional approximation, and in that direction we first prepare the 
following. 

Lemma 8.1 Suppose that X(-) is a stationary process, periodic of period one, defined on the lattice 
{k/2 n } and taking values in Z/n. Assume also that X has at least one zero with probability 1. If F is 
a functional that is invariant under translations, then 

E[F(X)) = 2 n E F(X)N- 1 A(0) = p(x(0) = o) 

where N = N(X) = the number of zeros of X . 



28 



Proof Notice the simple decomposition 

2™ 

E[F(X),N=1] = ^2E\F(X),N = l,T 1 = k/2 n 
fe=i 

= 2 n E^F(X), N = l,X(Ti) = . 

Here Ti is the (only) zero of X, and we have used the rotation invariance of F(X) in line two. A more 
general version of this is 



m 2" 



mE 



F(X),N = m 



^^^[F(X),JV = m,T i = fc/2" 
i=i fe=i 

2™ m 

^^[F(X),AT = m,|J{T i = A ; /2"} 
fe=l i=l 

2" 

^ £ [F(X),N = m, X(k/2 n ) = 



k=i 



2 n E 



F(X),N = m,X(0) = 



Now divide both sides of this equality by m and sum to conclude the proof of the lemma. 

Proof of Lemma 3.1 If now X is smooth stationary periodic process over the line we define the 
discrete process Y n as taking the values n~ 1 [nX(k/2 n )] at 1/2™, 2/2™, .... Applying the previous result 
to Y n produces 



E 



F(Y n ) = 2 n E F(Y n )N(Y n )~ 1 < X(0) < 1/n p(o < X(0) < 1/n) 



Now notice that the number of zeros of Y n around a zero of X is approximately 2™/n • |A'(z)| 1 . In 
fact 

on 

can be used in the above formula to produce 

~ E^F(Y n )(j2 l^'(^)r 1 ) _1 |0 < A(0) < 1/n] f P ^°- _t 

zez ' 



P(0 < X(0) < 1/n) 



This expression has the required limit when n\ oo. The proof is finished. 
Finally we have: 



Lemma 8.2 Let E denote the CBM conditioned on both f p — and J Q <j)p - - for some continuous, 

mean-zero (f>. Let also ip be twice continuously differentiable and satisfy f Q ip = as well as J Q (pip = 0. 
Then 



E[F(p)]=E 



F(p + ip) exp 



ip p- 



for all bounded measurable functions F of the path. 
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Proof The E integral is expressed as an integral with respect to the Brownian bridge measure: 



E 



F(p) 



BMt 



oo 



F[p 



p<j) = 
1 



= limlim-^BM F ( p - [ p) , [ p<j> e [0, h], p(l) G [0, s 

hlO elO B h , £ L V JO J JO 



where Bh, e = BMq[J q pcj) e [0, h],p(l) € [0, s]]. The usual Cameron-Martin formula may now be applied 
to the free Brownian integral with the result that 



BMn 



F { p -J p )'J P0e[o,fc],p(i)e[o,e] 



(8.3) 



BMr 



F [P-J o p + <p ) exp {~J v' d P-\J Q \v'\ 2 } P<p£[0,h], p(l)e[c,c + e} 



in which c = — <p(0) and use has been made of J* ip = and J* ip<p — 0. Next Ito's formula and the fact 
that ip" = 0, allows us to write 

-J ip'(x)dp(x)= tp"(x)(p{x) -J p{x')dx')dx + <p'{0)(p{l)-p{0)y 

Invoking this move as well as the shift from p{x) under BM C to p(x) + c under BMq, the right hand 
side of (8.3) then reads 



BMn 



F\p 



p + ip exp 



ip [p- 



exp{-^(0)p(l)},^ pep e [0,h], p(l) G [0,0 



+ e 



Dividing this object by Bh j£ and performing the limits e [ and /i { completes the proof. 
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